We study the two-dimensional dilute q-state Potts model by means of transfer-matrix and Monte Carlo methods. Using the random-cluster representation, we include noninteger values of q. We locate phase transitions in the three-dimensional parameter space of q, the Potts coupling K ജ 0, and the chemical potential of the vacancies. The critical plane is found to contain a line of fixed points that divides into a critical branch and a tricritical one, just as predicted by the renormalization scenario formulated by Nienhuis et al. for the dilute Potts model. The universal properties along the line of fixed points agree with the theoretical predictions. We also determine the density of the vacancies along these branches. For q =2− ͱ 2 we obtain the phase diagram in a three-dimensional parameter space that also includes a coupling V ജ 0 between the vacancies. For q = 2, the latter space contains the Blume-Capel model as a special case. We include a determination of the tricritical point of this model, as well as an analysis of percolation clusters constructed on tricritical Potts configurations for noninteger q. This percolation study is based on Monte Carlo algorithms that include local updates flipping between Potts sites and vacancies. The bond updates are performed locally for q Ͻ 1 and by means of a cluster algorithm for q Ͼ 1. The updates for q Ͼ 1 use a number of operations per site independent of the system size.
I. INTRODUCTION
The renormalization scenario for the dilute q-state Potts model, as formulated by Nienhuis et al. ͓1͔ has been remarkably successful in reproducing known properties of the twodimensional Potts model such as the qualitative q dependence of the temperature exponent, the first-order character of the phase transition ͓2͔ when q exceeds a certain threshold, and the existence of a branch of tricritical points that merges with the critical manifold at this threshold. The renormalization equations as, e.g., analyzed by Nauenberg and Scalapino ͓3͔ and others ͓4,5͔ even allow the accurate reproduction of subtle details in the mathematical form of free-energy singularity, including the energy discontinuity as a function of q for q Ͼ 4, which was exactly calculated by Baxter ͓2͔ . While this strongly suggests that the renormalization description of Ref. ͓1͔ is true in a fundamental sense, this approach is not very suitable to obtain quantitative information on the phase diagram. For instance, the renormalization equations of ͓1͔ locate the threshold value of q near q = 4.73 instead of at the exact value ͓2͔ q =4.
The present work aims to obtain some quantitative information about the model described by the three temperaturelike parameters of Ref. ͓1͔. In addition to the Potts coupling K and the chemical potential D of the vacancies, the model also includes a vacancy-vacancy coupling V. It is thus described by the Hamiltonian
͑1͒
where the variables i carry indices that refer to the sites of a square lattice. They can assume values i =0,1, ... ,q, where i = 0 stands for a vacancy and i 0 for one of the Potts states. The sums on ͗ij͘ run over all pairs of nearest neighbors. While Nienhuis et al. defined their model on the triangular lattice, we do not expect qualitative differences with respect to the model on the square lattice.
The partition sum of the model described by Eq. ͑1͒ is
͑2͒
It is convenient to specify the vacancies by a separate variable i that assumes the values 0 ͑for vacancies͒ or 1. This leads to
͑3͒
For the purpose of the mapping on the random-cluster model, we rewrite exp͑K␦ i j i ͒ = ͚ b ij =0 i j ͑u␦ i j ͒ b ij where u ϵ e K − 1 is the temperaturelike parameter, and with the convention 0 0 = 1. Substitution in Eq. ͑3͒ yields
͑4͒
Nonzero bond variables b ij = 1 may occur only on lattice edges connecting equal, nonzero Potts variables. Also in the presence of vacancies we can execute the summation on the Potts variables i =1, ... ,q, i.e., perform the KasteleynFortuin mapping ͓6͔. While Kasteleyn and Fortuin did not include vacancies, they formulated this mapping for a general lattice, so that it can be applied directly to each term in the sum on the vacancy configurations as expressed by the i . The sum on the Potts variables yields a factor q for each cluster of sites connected by nonzero bonds. This yields the random-cluster representation of the Potts model with vacancies:
where N b ϵ͚b ij denotes the number of nonzero bonds. These bonds divide the lattice into N c clusters or components, N v denotes the number of vacancies, and N vv the number of nearest-neighbor vacancy pairs as specified by the site variables i . Although Eqs. ͑1͒ and ͑2͒ are meaningful only when the number of states is an integer q ജ 1, Eq. ͑5͒ is well defined also for noninteger q. It has played a useful role ͑together with its simplified version that excludes vacancies͒ in mappings on the eight-vertex model and on the Coulomb gas, so that exact critical exponents could be obtained ͓7͔. They can be expressed in the Coulomb gas coupling constant g which depends on q by q = 2 + 2 cos g 2 ͑6͒
with 2 ഛ g ഛ 4 for the critical and 4 Ͻ g ഛ 6 for the tricritical Potts model. The temperature dimension followed as
and the magnetic dimension as
These dimensions were also exactly derived in the theory of conformal invariance ͓8͔. In this context one characterizes universality classes by a number m related to the Coulomb gas coupling g by m = g / ͑4−g͒ for the critical branch ͑g ഛ 4͒ and by m =4/͑g −4͒ for the tricritical branch ͑g Ͼ 4͒. The theory predicts that there exists a set of scaling dimensions, associated with scalar observables. Some of these dimensions can be labeled by two integers p and q, and are determined by the Kac formula as X p,q = ͓p͑m + 1͒ − ͑qm͔͒ 2 − 1 2m͑m + 1͒ . ͑9͒
For the critical branch we may identify the ith temperature dimension with X i+1,1 , and for the tricritical branch with X 1,i+1 . The most relevant magnetic dimension is X ͑m+1͒/2,͑m+1͒/2 for the critical Potts model and X m/2,m/2 for the tricritical Potts model. While considerable exact information is thus available, there remain some problems that have thus far escaped exact analysis. We mention the backbone exponents ͓9-11͔, surface critical phenomena ͓12-14͔, and percolation properties of random clusters ͓15͔. These problems can in principle be solved by numerical work. For the critical Potts model, one can simply Monte Carlo simulate the model without vacancies. But for q Ϸ 4, strong corrections to scaling occur due to the subleading temperature field, which becomes marginal at q = 4 and thus generates logarithmic corrections. It is therefore desirable to determine the locus of fixed points, naturally in a truncated parameter space. In a two-dimensional space, the two leading temperature fields thus vanish at this locus. For the critical branch, this would mean that the leading corrections to scaling are suppressed, so that accurate numerical investigations become feasible. For q Ͻ 4 one expects to find, in addition to the critical fixed point, a second fixed point corresponding with the Potts tricritical point, which may also be of some use for numerical work. Here we remark that, for some purposes, an exact result of Nienhuis ͓16͔ may offer a good alternative for numerical work on tricritical Potts models. Another research subject that may benefit from accurate knowledge of critical points of models with vacancies concerns the finite-size scaling behavior of models with a constraint. The scaling theory of such models in the thermodynamic limit is described by the Fisher renormalization theory ͓17͔. These phenomena can be investigated numerically in systems whose number of vacancies is conserved by the constraint. The geometric cluster algorithm ͓18͔ provides a very suitable tool for such investigations, because it not only conserves the number of vacancies, but also reduces critical slowing down. However, its useful applications are restricted to integer values of q.
The present work aims to provide accurate information on the location of the fixed points and the phase diagram. Most of this program is realized by means of transfer-matrix calculations which are explained in Sec. II, which also contains a short description of the Monte Carlo algorithms employed in this work. In Sec. III we present results for the phase diagram in the ͑q , K , D͒ parameter space, in particular the line of fixed points consisting of a critical branch and a tricritical one. This part is restricted to the case V = 0. For one special value q =2− ͱ 2 we determine the phase diagram in the three-dimensional space ͑K , V , D͒. The results, which are probably generically true ͓1͔ for q Ͻ 3 Potts models, are reported in Sec. IV. Section V presents various results including a critical and a tricritical point of the Blume-Capel model, and the location and exponents of the percolation threshold of tricritical Potts clusters for several values of q. Finally, our conclusions are listed in Sec. VI.
II. ALGORITHMS

A. Transfer-matrix technique
We summarize the calculations performed for the continuous-q model defined by Eq. ͑5͒. Additional analyses were performed using integer spin representations which are already adequately described in the literature ͓19͔ and do not need further explanation. We define the random-cluster model on a lattice on the surface of a cylinder, with one set of nearest-neighbor edges parallel to the transfer direction, i.e., the axis of the cylinder. The cylinder has a length of n lattice units, and has an open end at the nth layer of L sites. The construction of a transfer matrix requires a "coding" of the relevant degrees of freedom at the free end of the cylinder. These degrees of freedom include the positions of the vacancies, and how the remaining sites are connected by the random-cluster bonds. This information is called "connectivity." The somewhat elaborate task of coding these connectivities is described in Appendix A, and the actual definition of the transfer matrix in Appendix B, which is used to build an algorithm that can multiply a vector v ជ by the transfer matrix T:
It is not necessary to store the full matrix T. The availability of a numerical procedure that executes this multiplication is sufficient for the calculation of a few of the largest eigenvalues. The power method, or direct iteration, would lead to the desired result but the projection of the transfer matrix on a relatively low-dimensional Hessenberg matrix, which was explained in detail in Ref. ͓20͔, leads to much faster convergence. As explained in Appendix B, the transfer matrix can be viewed as consisting of two independent sectors, a "nonmagnetic" and a "magnetic" sector. Three different eigenvalues were calculated, namely, the largest eigenvalues in both sectors, and a second eigenvalue in the nonmagnetic sector. Calculations with finite sizes up to L =12 ͑for the determination of the critical and tricritical points͒ or L =13 ͑for the determination of the vacancy densities͒ were performed. The size of the matrix T is 19 181 100ϫ 19 181 100 for the latter system size.
Calculation of the scaling dimensions
The Potts magnetic correlation function along the coordinate r in the length direction of the cylinder is defined as
In the random-cluster representation, this correlation function is equal to the probability that sites 0 and r belong to the same random cluster. At large r, g h ͑r͒ decays exponentially with a characteristic length scale h that depends on K, D, V, and L:
and can be calculated from the largest two eigenvalues 0 and 1 of the transfer matrix:
For the calculation of the eigenvalues, as needed to find h , we may employ the following properties of the corresponding eigenvectors. Since the partition sum of the randomcluster model can be expressed using only the nonmagnetic connectivities ͑see Appendix B͒, it follows that the largest eigenvalue, which determines the free energy, resides in the nonmagnetic sector. Furthermore, the transfer matrix contains a nondiagonal block of zeros that reflects the fact that the multiplication of a vector with only zeros on the magnetic positions again leads to such a vector. Thus, there exist left-hand eigenvectors with nonzero elements only for magnetic connectivities. The one among these with the largest eigenvalue is associated with the magnetic correlation function. The calculation of this eigenvector, and its eigenvalue 1 , can thus be restricted to the magnetic sector. Application of a conformal mapping ͓21͔ relates h on the cylinder with the magnetic scaling dimension X h ͑equal to one-half of the magnetic correlation function exponent ͒. At a critical point ͑e.g., K adjusted to its critical value K = K c for given D and V͒ this exponent obeys
This is asymptotically true for a critical model in the limit of large L. We may thus use it to estimate X h numerically, and thereby obtain evidence about the universality class of the model. Or, if the universality class, and thus X h , are considered known, we may solve for K, V, or D in
to determine the critical subspace.
In addition to h , it is possible to determine a second correlation length t describing the exponential decay of the energy-energy correlation function. It is associated with a third eigenvalue 2 of the transfer matrix with an eigenvector in the nonmagnetic subspace, just like the one with eigenvalue 0 . The pertinent eigenvalue can be obtained by means of the projection technique described in Ref. ͓20͔ . In analogy with the case of the magnetic correlation length we can use the third eigenvalue 2 to estimate the temperature scaling dimension X t as
where t −1 =ln͑ 0 / 2 ͒.
Calculation of the vacancy density
In the calculation of the vacancy density we have to take into account that the transfer matrix for general q is essentially nonsymmetric. We define a matrix representation of the density with elements V ␣␤ ϵ ␦ ␣,␤ n v ͑␣͒ / L where n v ͑␣͒ is the number of vacancies as implicit in the connectivity ␣. The expectation value of the vacancy density is, in vector notation,
where v ជ 0 is the Boltzmann weight of the first row of the system. For an infinitely long system we may take both k and n − k to infinity. The right-hand eigenvalue problem of the transfer matrix is
where R is the matrix of right-hand eigenvectors, arranged as columns of R, and ⌳ is the diagonal matrix containing the eigenvalues of T. In general we can similarly formulate the left-hand eigenvalue problem as
such that the matrix of left-hand eigenvectors L is the inverse of R. Next we insert the unit matrix R · L between all inner products in Eq. ͑17͒:
Let ⌳ 11 be the largest eigenvalue, which is the only one that survives when the powers k and n − k become large. After dividing out ⌳ 11 n , ͚ ␣ R ␣1 , and
Thus the determination of requires the determination of both the right-and left-hand leading eigenvectors. This was realized by means of two independent calculations along the lines described in Ref. ͓20͔, one employing the sparse-matrix decomposition of T, and the other that of the transpose of T.
B. Monte Carlo technique
1. Local bond update for dilute Potts models with 0 Ͻ q Ͻ 1
For noninteger q Ͻ 1, no cluster algorithm is available and we developed an algorithm employing local updates, with bond updates as well as site updates. The latter may flip Potts sites i Ͼ 0 into vacancies i = 0 and vice versa, thus generalizing the algorithms of Sweeney ͓22͔ and Gliozzi ͓23͔. A complication in this type of algorithm is that the number of components N c in Eq. ͑5͒ can be changed by a local update, which influences the transition probabilities. Since the determination of the change in N c caused by a local update is an essentially nonlocal task, the Monte Carlo algorithms are quite slow in comparison with the cluster methods available for q Ͼ 1. Moreover, now also the four surrounding bond variables enter into the probabilities of flips between vacancies and Potts sites which leads to many possibilities and leads to a rather time-consuming programming task when a relatively optimal algorithm is desired.
The transition probabilities are defined such as to satisfy detailed balance on the basis of the weights defined by the random-cluster partition sum Eq. ͑5͒. Simulations under the constraint that the density of the vacancies is conserved are realized by excluding updates leading to states with less than N v or more than N v + 1 vacancies.
Cluster algorithm for dilute Potts models with q Ͼ 1
A cluster Monte Carlo algorithm for the noninteger q Ͼ 1 random-cluster model without vacancies ͓24͔ is already available. It appears to be an efficient tool for the study of noninteger q-state Potts model ͓25͔ and was also applied in Ref. ͓26͔ . To include vacancies it is convenient to use a formulation of this algorithm based on a cluster decomposition as given in Ref. ͓25͔ ͑but here we use a slightly different notation, with number 0 referring to vacancies and 1 to one of the Potts states͒. Colors are randomly assigned, such that color 1 is singled out with a probability 1 / q. This procedure remains essentially the same in the presence of vacancies. After defining the subset of the lattice in state 1, we can thus include local Metropolis-like updates that may flip state-1 site variables into vacancies and vice versa. The advantage is that the bond variables disappear from the transition probabilities which thus become simple, and a site update requires only a number of operations independent of the system size. The summary of the Monte Carlo procedure, starting from a configuration specified by the subset in state 0 ͑the vacancies͒ and the random-cluster decomposition of the remaining sites, is as follows. ͑1͒ Assign color 1 to each cluster with probability 1 / q; ͑2͒ apply local updates flipping between color-1 sites and vacancies; ͑3͒ form clusters on the type-1 sites, using a bond probability u / ͑u +1͒; and ͑4͒ erase the color variables. The use of a probability 1 / q restricts the useful range of the algorithm to q Ͼ 1.
The method enables the study the critical and tricritical properties of dilute Potts models. For instance, it can be used to determine fractal properties of noninteger q Potts clusters at tricriticality. Simulations conserving the number of vacancies require a modification of step 2: we no longer allow flips between vacancies and color-1 variables. Instead, we propose local configuration changes involving the interchange of two site variables, chosen at two random positions. Only interchanges of vacancies and color-1 sites are accepted, with acceptance probabilities that are subject to the condition of detailed balance.
III. LINE OF FIXED POINTS FOR V =0
A. Solving the equations for the fixed points
The transfer-matrix algorithms defined in Sec. II A enables the numerical calculation of the functions X h ͑K , D , L͒ and X t ͑K , D , L͒ for a range of finite sizes L. The algorithm numerically calculates these functions for given values of K, D, and L. The dependence on the parameters q and V, which are kept constant for the present, is not explicitly shown. We employ this technique to estimate the critical and tricritical fixed points in the V = 0 subspace, by simultaneously solving for the two unknown K and D in the two equations
in which we substitute the exactly known values of X h and X t as a function of q ͑see Sec. I͒. However, the results for the fixed points do not critically depend on these exact values, since the numerical procedure includes some redundancy as we shall discuss in Sec. III C. The solutions are denoted K f ͑L͒ and D f ͑L͒, where the index f refers to "fixed point." In order to find their finite-size-scaling properties, we express the functions X h ͑K , D , L͒ and X t ͑K , D , L͒ in terms of the two leading temperature fields t 1 and t 2 , and another temperaturelike field u that is taken to be irrelevant. Expansion of the finite-size scaling functions yields the equations
where a h , b h , u h , a t , b t , and u t are unknown constants, y i is an irrelevant exponent ͑y t 3 or the integer −2͒, and y t 1 and y t 2 are the two leading temperature exponents. At the simultaneous solution we thus have
Elimination of t 1 and solving for t 2 yields
Similarly, we find the solution for t 1 as
The scaling behavior of the numerical solutions K f ͑L͒ and D f ͑L͒ is found by expressing their differences with the asymptotic values K f and D f as linear combinations of t 1 and t 2 :
and TABLE I. Fixed points of tricritical and critical dilute Potts models. These are extrapolations of finite-size data for systems with sizes up to L = 12, except for the case q = 2 which used sizes up to L = 16. The vacancy densities are based on data for system sizes up to L = 13. The results for g Ͻ 3 were rejected ͑see text͒. Exact data for the q = 1 tricritical point are included. 
where a j ͑j =0,1, . 
for LЈ = L and L + 1. A second iteration step with a free exponent according to the three-point fits described in Ref.
͓20͔ then yielded iterated estimates K f ͑2͒ ͑L͒ from which we obtain final estimates listed in Table I . The numerical uncertainty margin in these numbers was estimated from the differences between the K f ͑2͒ ͑L͒ obtained for the few largest L available.
The data for D f were analyzed similarly. The actual numerical accuracies of the fixed points are better in the direction perpendicular to the line of phase transitions than along this line. For this reason we have solved for D in the equation
with K fixed at its estimated fixed-point value K f , except for g Ͻ 3, because of reasons given below. The solutions were again fitted using similar methods as above. The fits yield refined estimates of D that are included in Table I . The latter estimates are likely to lie closer to the line of phase transitions, but not necessarily closer to the fixed point. The numerical procedure yielded results with a satisfactory finite-size convergence, except for q → 0 on the tricritical branch, where the results become less accurate because the scaling exponents become indistinguishable from those at the first-order transition, and for q Շ 2.5 on the critical branch, where complications of a different nature arise. First, it has been reported ͓7,27͔ that corrections to scaling due to the second temperature field, i.e., governed by the exponent y t 2 , disappear in most observables for q → 2. This means that, near q = 2, the numerical solutions ͑if any͒ do not suppress the second temperature field, but instead other effects, possibly analytic corrections with exponent −2 as in the Ising model. Second, for q Ͻ 1, we have y t 2 Ͻ −2 so that the leading corrections to scaling in Eqs. ͑24͒ are the analytic ones, and the procedure will again try to suppress these, instead of the second temperature field. Although numerical solutions were obtained for q Ͻ 1, they should not be interpreted as fixed points in the truncated space of the two leading temperature fields t 1 and t 2 .
We have also computed the finite-size data for the vacancy density at the estimated fixed points ͑K f , D f ͒, using the procedure outlined in Sec. II A 2. The scaling behavior of follows by differentiation of the free-energy density to D. When we substitute the scaling relation of the free energy, and linearize D in t 1 and t 2 , we obtain
͑30͒
Fits according to this expression showed no sign of a nonzero amplitude a 1 . Indeed the derivative of the scaling function for the free energy with respect to t 1 must vanish, because the energy of L ϫϱ self-dual Potts strips does not depend on L ͓20͔. We thus only used exponents y t 2 − 2 and y t 1 + y i − 2 in the iterated fitting procedure. The extrapolated values of are sensitive to small deviations in the estimated location of the fixed point. For comparison, we have also computed the finite-size data for the vacancy density at the corresponding finite-size solutions of Eqs. ͑22͒. The scaling behavior of these finite-size data for now also contains contributions due to the deviations expressed by Eqs. ͑25͒ and ͑26͒, which may arise from the dependence of 0 , a 1 , etc., on t 1 and t 2 . Which of these contributions dominates depends on the value of g that parametrizes the fixed line. We have applied many fits, using the predicted correction exponents as well as three-point fits that leave the exponent free. Best estimates were obtained by a comparison between these fits, and with the fit of the data obtained at the extrapolated fixed point. The finite-size dependence of the various fits, and the degree of their mutual consistency allowed us to estimate the numerical accuracy of the extrapolated results for the density as included in Table I .
B. Polynomial approximations at the line of fixed points
The numerical data presented in Table I appear to behave rather smoothly as a function of the Coulomb gas coupling constant g defined in Sec. I, especially for g Ͼ 3, as shown in Fig. 1 . We fitted the quantity r ϵ e D / ͑e K −1͒ by the expression
where the coefficients r j were determined by means of the least-squares criterion. No satisfactory fits, as judged from the residual 2 , were obtained including all data in Table I , because the data for g Ͻ 3 did not accurately follow the trend FIG. 1. The line of critical and tricritical fixed points of the dilute Potts model in terms of the ratio e D / u defined in the text versus the Coulomb gas coupling constant g. These fixed points were obtained in the two-dimensional parameter space ͑K , D͒ while V was set equal to zero. The error bars are much smaller than the symbol size. The curve shows the polynomial approximation for e D / u described in the text. The scale for q is shown above. of the remaining data, which is understandable on the basis of the relative magnitudes of y t 2 and y i as described in the preceding subsection. A satisfactory fit was however obtained excluding the g Ͻ 3 data. The result for the zerothorder coefficient r 0 = −0.027 was slightly negative but not significantly different from 0. Noting that r ജ 0 for the present model described by Eq. ͑1͒, we take this small value as an indication that r = 0 in the limit q ↓ 0 for the critical fixed point, and thus that the vacancies disappear in this limit. We thus fixed r 0 = 0 and recalculated the coefficients. They are listed in Table II . Figure 1 shows the fit to the numerical results for r as a function of the Coulomb gas coupling constant g.
The fits made use of the exactly known tricritical point for q = 1, which is equivalent with the Ising model without vacancies. The exact numbers for this point are included in Table I . The addition of this point does not significantly increase the 2 residual, which indicates that this point joins smoothly with the numerical data for other values of g.
We have similarly fitted the temperature parameter u as a function of g by the expression
and the density of the vacancies by
The number of coefficients was based on the requirement that the residual 2 is acceptable. The results are shown in Tables III and IV, respectively. The fitted expression for the density is shown in Fig. 2 as a function of g, together with the numerical data.
C. Consistency with theory and universality
Our numerical procedure to determine the fixed points relies heavily on the existing results for the magnetic and temperature scaling dimensions, which are not supported by exact analysis for the general case of the model described by Eq. ͑5͒. We therefore consider the possibility that the scaling dimensions given by Eqs. ͑7͒ and ͑8͒ do not apply to the present model. That would lead to an additional constant in Eqs. ͑23͒ whose effect is the same as that of a term with an exponent y i = 0. Thus, from Eqs. ͑27͒ and ͑28͒, we would then expect finite-size corrections proportional to L −y t 2 in the numerical solutions of Eqs. ͑22͒. For the tricritical branch we have y t 2 Ͼ 0 so that the solutions for large L still converge to the tricritical fixed point. For Potts criticality we have y t 2 Ͻ 0 so that the solutions would fail to converge to the critical fixed point for large L. However, the analysis of the solutions showed satisfactory convergence.
More specifically, the finite-size dependence of the solutions of Eqs. ͑22͒ agreed well with the theoretical results for the exponents. This confirms the universality of the Potts model in an extended parameter space. As another test, we have analyzed the finite-size dependence of the free energies at the extrapolated fixed points given in Table I . Assuming conformal invariance ͓8͔, the conformal anomaly c can be obtained from the reduced free energy F͑L͒ per unit of length of the cylinder, using the formula ͓28,29͔
where f ϱ is the reduced bulk free-energy density. This formula applies to the large-L limit. On the other hand, the reduced free energy F͑L͒ per unit of length follows from the largest eigenvalue 0 of the transfer matrix as 
in terms of the parameter m defined in Sec. I.
IV. PHASE DIAGRAM FOR q =2− ͱ 2
We determine the phase diagram in the three-dimensional parameter space ͑K , D , V͒ for K ജ 0 and V ജ 0, using numerical analysis and some exact arguments. The choice q =2 − ͱ 2, while somewhat arbitrary, was based on the fact that much is already known for the integer values of q, and that the exact results for the critical exponents assume simple fractional values.
A. Equivalences and exact limits
Before presenting the numerical results, we list a few exact results and limiting cases that are helpful to construct the phase diagram. The bond weights offer a handle to identify various phase boundaries and critical points. We consider the following cases.
͑1͒ If both D +2V Ӷ 0 and D Ӷ 0, the vacancies disappear and the Potts critical surface then lies at K =ln͑1+ ͱ q͒ ͓31͔.
͑2͒ When the Potts coupling vanishes, the dilute Potts model can be mapped on to the Ising model in a field, by interpreting the vacancies as Ising spins of one sign and the remaining site variables as Ising spins of the other sign. The field vanishes for special choices of D and V. For K = 0 the partition sum Eq. ͑4͒ becomes
͑37͒
The summand does not explicitly depend on the i , and the sums on the i can thus be executed trivially:
͑38͒
After dividing each site weight over the four surrounding bonds, this becomes
ͪ .
͑39͒
We compare the bond weights specified by this expression to the zero-field Ising weights e ±K I where the sign depends on whether the site variables i and j are equal or not. 
͑40͒
The dilute Potts model becomes equivalent with the zerofield Ising model when the two types of bond weights are proportional, which holds if
The Ising-like critical point occurs at K I =ln͑1+ ͱ 2͒ /2 or
͑42͒
The Ising transition is one between a disordered Potts phase and a phase dominated by vacancies. The Ising locus Eqs. ͑41͒ contains a first-order line ending in the Ising critical point. It is natural that this coexistence line and critical point extend to nonzero values of K, so that there exists a coexistence plane in the ͑K , V , D͒ space, bounded on one side by an Ising critical line. ͑3͒ For D = 0 and V = K, the vacancies become equivalent with the q Potts states, and the model becomes a ͑q +1͒-state Potts model. We illustrate this equivalence by listing the bond weights of the dilute q-state Potts model according to Eq. ͑2͒ and the bond weights of the ͑q +1͒-state Potts model without vacancies. The meaning of the symbols describing the site variables is the same as above:
The phase diagram of the q-state Potts model with vacancies therefore contains a ͑q +1͒-state Potts critical point at D =0,
͑4͒ For 2K =2V + D while D Ӷ 4K, the Potts ordered phase and the vacancy-dominated phase balance one another while their interfaces cost much energy. Therefore this condition describes a surface where these two phases coexist.
B. Numerical results
We include the vacancy-vacancy coupling in the transfermatrix calculation defined in Sec. II A, and locate the Potts critical surface by solving for K at selected values of D, V, and L in
where we make use of the exact result for X h quoted in Sec. I. In the vicinity of a critical point, there is only one relevant temperature field, but corrections to scaling may still be generated by irrelevant fields. As a consequence of these corrections, the solution for K will not precisely coincide with a critical point. The effects of an irrelevant scaling field u and a small temperature field t, due to a deviation K from its critical value K c , are expressed by
where a and b are unknown constants, and y t 1 is the leading temperature exponent. For the present value q =2− ͱ 2, the corrections are dominated by the exponent y i = −2 which exceeds the second temperature exponent y t 2 . The scaling behavior of the numerical solutions K c ͑L͒ is found by expansion of the appropriate scaling function in the leading temperature field, which is in first order proportional to K − K c :
The numerical results were found to be consistent with this formula, quite clearly so in parts of the critical surface that are not close to its boundary. Near the boundary, crossover effects become important. We determined critical points K c for several values of V along six lines of constant D in the interval −6 ഛ D ഛ 4 as shown in Fig. 3 . For most of the critical surface, it proved to be easy to obtain critical points with an accuracy better than 10 −3 which is sufficient for the graphical presentation of the phase diagram provided in this subsection. Much better accuracies may be obtained if desired; for D → −ϱ, where the model reduced to the Potts model without vacancies, we found, using system sizes up to L = 11, K c = 0.568 358, with an apparent accuracy of less than 10 −6 . This is consistent with the exact value K =ln͑1
The plane of these q-state Potts transitions is bounded by a tricritical line for D Ͼ 0. Several points on the tricritical line were solved by means of the numerical technique described in Sec. III A but including V as a parameter. These results indicate that, as expected, the tricritical line does connect to the ͑q +1͒-state critical point, as shown in Fig. 3 .
We have also used the transfer-matrix technique to numerically investigate the Ising critical point at K = 0, described in the preceding subsection. Since Potts magnetic correlations are zero, the calculation of X h yields only divergent results. The calculation of X t yields results approaching the Ising magnetic dimension 1 / 8. Indeed, the Ising magnetic correlations, corresponding, e.g., with vacancy-vacancy correlations, are contained in the Potts nonmagnetic sector. We were thus able, by following the behavior of function X t , to follow the Ising line emerging from the K = 0 point. We observed that the discontinuous transition between the disordered Potts phase and the vacancy-dominated phase is accompanied by a minimum in the function X t , with values Ͻ1 / 8 and decreasing with L. The Ising critical points can be approximated by requiring that the minimum in the function X t tends to 1 / 8. This yields results of a sufficient accuracy for the purpose of constructing Fig. 3 .
For D Ͻ 0, the Potts critical surface is not bounded by a tricritical line, but by a critical end line located in the plane of first-order transitions. 
V. MISCELLANEOUS RESULTS
A. Blume-Capel model and dilute q = 2 Potts model
We first describe the relation between the Blume-Capel ͑BC͒ model ͓32͔, which is the spin-1 Ising model with variable fugacity of the zero spins, and the dilute q = 2 Potts model. The reduced Hamiltonian of the BC model with nearest-neighbor interactions is
where s i =0, ±1, K BC is the nearest-neighbor coupling, and 
͑48͒
shows that the bond weights differ only by a constant factor when
for which both models thus become equivalent. We note that, although the Blume-Capel model Eq. ͑47͒ does not contain explicit vacancy-vacancy couplings, the resulting value of V is nonzero in general. Furthermore, the mapping of the q = 2 dilute Potts model in the full three-dimensional parameter space ͑K , D , V͒ on a spin-1 Ising model requires the introduction of an additional parameter in the Blume-Capel model, such as in the Blume-Emery-Griffths model ͓33͔ which contains, in addition to Eq. ͑47͒, also a biquadratic coupling term proportional to ⌺s i 2 s j 2 . The Blume-Capel tricritical point is thus not the q = 2 tricritical point as determined in Sec. III A, but arguments of universality predict it to have the same critical exponents. Exact critical exponents in this universality class are known from the mapping of the dilute Potts models with plaquette interactions on a Gaussian model ͓34͔ and, in an independent way, from the exact solution of the hard-square model ͓35,36͔.
We used the spin-1 representation to locate the tricritical point, because it enables us to perform transfer-matrix calculations up to finite size L = 16, while these calculations based on Eq. ͑5͒ are restricted to L ഛ 12. We thus fixed the leading correction exponent as −14/ 5 in order to extrapolate the solutions of Eqs. ͑22͒. This leads to a sequence of iterated estimates that can again be subjected to iterated fits. These suggest that the leading finite-size dependence of the iterated fits is as L −19/5 ͑where the exponent is equal to 2y i − y t 1 ͒ or L −4 . The final estimates of K f and D f are based on iterated fits using the latter exponents, and on fits in which the finite-size exponents is left free. The numerical errors are estimated from the differences between these three types of fits, and on the differences between the results for subsequent finite sizes. We thus obtain the final estimates for the Blume-Capel tricritical We did not try to locate the critical fixed point of the Blume-Capel model because of the vanishing amplitude ͓7,27͔ of the irrelevant field. In view of the research of constrained systems, it is still desirable to obtain accurate numbers for the location of a critical point of a system subject to such a constraint. For this purpose we have located the Blume-Capel critical point at Ising coupling K BC = 1 by solving for D BC in the equation for the scaled magnetic correlation length as indicated in Eq. ͑15͒, using the Ising magnetic dimension X h =1/8. The expected finite-size corrections have exponents equal to y 1 − y t 1 = −3 and next negative integers −4, −5, and so on. We applied iterated fits as defined in Ref. ͓20͔ , using a few of these exponents. To test the consistency of this procedure, we varied the procedure by varying the number of iteration steps and by leaving the exponent free in the last step. Our final estimate for the critical point at K BC =1 is D BC = 1.702 717 80͑3͒.
B. Geometric tricritical fixed points for noninteger q
We study the fractal properties of percolation clusters constructed at the percolation threshold of tricritical Potts clusters. For integer q, this problem was already addressed in Ref. ͓15͔ . It was found that, when bonds are added with probability p between neighboring site variables in the same Potts state, the percolation threshold occurs at a value smaller than the random-cluster probability p rc =1−e −K . In contrast, the percolation threshold at Potts criticality lies precisely at p rc ͓38͔. This is natural because the so-called redbond exponent ͓38͔, which governs the renormalization flow in the p-direction, is relevant on the Potts critical branch, but becomes irrelevant on the tricritical branch. On the tricritical branch, the random-cluster point thus no longer qualifies as a fixed point of this percolation problem. The renormalization flow at the random-cluster point is attracted by a stable fixed point at p Ͼ p rc . A new unstable fixed point, called the geo-metric fixed point, appears at p Ͻ p rc , with critical exponents that are conjectured in Ref. ͓15͔, mainly on the basis of empirical evidence that the universality class of the geometric fixed point on the tricritical line corresponds with that of the random-cluster fixed point on the critical line with the same conformal anomaly, i.e., with the same value of the number m defined in Sec. I. These two fixed points therefore share the same exponents; the conjecture specifies the correspondence between the two sets, which we shall outline here for the magnetic dimensions X h and the red-bond dimension X p . To distinguish between the geometric and the random-cluster fixed points, we add superscripts g and r, respectively. For the random-cluster fixed point these dimensions are, as a function of g,
where the expression for X h is taken from Sec. I, and that for X p was obtained ͓38͔ by means of Coulomb gas methods. Consider a Potts model on the critical branch with a coupling constant g and one on the tricritical branch with a coupling constant gЈ. From the relations between g and m listed in Sec. I, it follows that the two models are parametrized by the same number m when ggЈ = 16. Therefore, the substitution of g by 16/ gЈ in Eqs. ͑50͒ leads to some scaling dimensions on the other branch. The conjecture in Ref. ͓15͔ is that these are just the corresponding dimensions at the geometric fixed point. This conjecture supplements a second conjecture ͓15,39͔, in which the superscripts g and r are interchanged. Note that the partition sum does not depend on the percolation probability p, so that m must be independent of p. The substitution leads to
8gЈ .
͑51͒
Since Eq. ͑51͒ has only been tested for tricritical Potts models with an integer number of states, we investigate whether it also applies to Potts models with noninteger q.
In the absence of discrete Potts variables, we choose the random-cluster decomposition as a starting point, while preserving its bond variables. These have a probability p rc between two Potts variables in the same state; one can thus form percolation clusters with a bond probability p Ͻ p rc by inserting a percolation bond with probability p / p rc for each random-cluster bond that is present, and no percolation bond otherwise. These percolation bonds define a percolation problem that is, for p Ͻ p rc , different from the random-cluster model. Naturally the investigation of this percolation problem still relies on the Monte Carlo simulation of the randomcluster model.
We performed such simulations, while constructing percolation clusters for a range of values of p ഛ p rc . We sampled the distribution of the cluster sizes and thus obtained the average squared cluster size
and the dimensionless ratio
where c i is the size of the ith cluster, n c the number of clusters, and N the number of total sites. Near the percolation threshold at p = p c , the quantity Q scales as
+¯, ͑54͒
and S ͑2͒ scales as
where the y j ͑j =1,2, ...͒ are negative exponents describing corrections that will be discussed later, and the a i , b i , c, and d are unknown amplitudes.
TABLE V. Parameters describing the simulations of the tricritical Potts models. For each value of q we list the smallest and largest system sizes that were simulated, and the number n L of system sizes in these ranges. We also show the range of p and the number n p of points in this interval used for the simulations, and the number of samples n s taken for the smallest and largest system sizes. The number of samples for all system sizes up to L = 84 was equal to that for L min in lines 2 and 3, and similar for those up to L = 96 in line 4. For larger system sizes, the number of samples decreases gradually to that for L max , except for the system of the first line. The last column specifies the numbers of the Monte Carlo moves taken between subsequent samples. S stands for a site update, B for a bond update, FC for a full cluster decomposition, and M for a Metropolis sweep through the whole lattice. 
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The ratio Q is a useful quantity to locate phase transitions and to determine the associated temperaturelike exponent. From Eq. ͑54͒ one finds that the Q versus p curves for different values of L tend to intersect at values approaching p = p c for large L. Moreover, the slopes of these curves behave as L y p ͑g͒ which allows the estimation of y p ͑g͒ .
The simulations took place for four values of q, viz., q =2± ͱ 2 and q =2± ͱ 2− ͱ 2. The number of vacancies was conserved as described in Sec. II B. Since the number of vacancies in a simulation is restricted to an integer, the result for a given density was obtained by a weighted averaging over two simulations with a different number of vacancies.
The simulations for q =2− ͱ 2 used local updates and were more time consuming than those for the other values of q, and thus restricted to relatively small system sizes. The data for the system sizes, simulation lengths, and intervals of p are summarized in Table V . The results for the dimensionless ratio Q are shown in Fig. 4 for the case q =2− ͱ 2− ͱ 2. The intersections reveal the location of the geometric fixed point. A more accurate location was determined by a least-squares analysis according to Eq. ͑54͒. Similar analyses were performed for the other three values of q. These fits included up to three coefficients a k , and three or four coefficients b j , depending on the 2 criterion. The corresponding correction exponents y j were fixed equal to the third temperature exponent, twice this number, and/or equal to the negative integers −1, −2, −3, etc., such that largest ͑closest to 0͒ exponents appear first. In order to reduce the residual 2 to acceptable values, the smallest system sizes L Ͻ 6 had to be discarded for all four values of q. Furthermore, we have fitted an expression of the form Eq. ͑55͒ to the simulation data for S ͑2͒ which is, except for a factor L 2 , a susceptibilitylike quantity, using a similar set of finite-size corrections as for Q. These fits allow the determination of X h ͑g͒ . The numerical results for the exponents, which are included in Table VI , are in good agreement with the exact values predicted by Eqs. ͑51͒.
VI. CONCLUSION
In line with previous work ͓40͔ we observe that finite-size scaling analysis based on transfer-matrix calculations provides an efficient tool for the analysis of critical phenomena and the determination of phase diagrams of two dimensional models, even though the accessible range of finite sizes is quite limited. This limitation is compensated by the high numerical accuracy of the transfer-matrix results for the eigenvalues, which allow the application of iterated fitting procedures, especially when the scaling dimensions are known from other sources. The latter point is relevant for an evaluation of the present transfer-matrix analysis of the dilute Potts model. Two points of view are possible. First, one may focus on the question whether the renormalization description of Nienhuis et al. ͓1͔ , and the exact results for the exponents based on arguments of universality, are applicable to the present model described by Eq. ͑1͒. While this seems plausible, rigorous evidence is not available so that numerical tests are justified. Our analysis does indeed provide ample numerical evidence. We note that, if the expressions for the scaling dimensions X h and X t listed in Sec. I were The finitesize data for the conformal anomaly are poorly convergent because of logarithmic corrections induced by the second temperature field which is marginal at q = 4. However, the fit applied to those finite-size data produced an erratic numerical result that was much closer to the theoretical value of c than what one could have expected in view of the actual numerical accuracy. Therefore the agreement for q = 4 looked better than it actually was. The present analysis of c at the estimated fixed point does not noticeably suffer from such numerical problems, and does indeed produce a result ͑see 
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APPENDIX A: CODING THE CONNECTIVITIES
The construction of the transfer matrix requires a "coding" of the relevant degrees of freedom at the open end of the cylinder, by means of integers 1, 2, … that will serve as a transfer-matrix index. This code specifies which sites of the nth layer are vacant, and how the remaining sites are mutually connected by some path of bonds in rows 1 to n. Since we are interested in the magnetic correlation function, which in the language of the random-cluster model is the probability that two sites belong to the same cluster, we use connectivities of the magnetic type which, in addition, specifies which sites of row n are still connected to a site in row 1. These connectivities satisfy a "well-nestedness" property which says that the sites labeled 1,2, ... ,L on row n obey the following rule: if site i is connected to site k, and site j is connected to site l while i Ͻ j Ͻ k Ͻ l, all four sites must be connected. Since a complete definition of the coding of the general connectivities is somewhat elaborate, we make use of some definitions already given in Ref. ͓20͔ . There, an L-point connectivity is represented by a row of L integers i 1 , i 2 , ... ,i L , such that connected sites are represented by equal integers, and by different integers if they are not connected. A subset of sites connected to a "ghost site" ͑which are not necessarily well nested͒ were represented by the special integer 0. These connectivities were coded by an integer ͑i 1 , i 2 , ... ,i L ͒ defined in Ref. ͓20͔. Since one can alternatively interpret the zeros in the row i 1 , i 2 , ... ,i L as vacancies, it follows that the same coding ͑i 1 , i 2 , ... ,i L ͒ applies to nonmagnetic connectivities with vacancies. The number of such connectivities on L sites is denoted d L , also given in Ref.
͓20͔.
Here we consider the more general problem of coding the connectivities with well-nested magnetic sites ͑labeled by connectivities with magnetic subcode m, and the total number of general connectivities is
To assign a unique integer to each of these connectivities, we need to specify an "ordering" of the connectivities. In addition to the ordering defined in Ref. 
where l is the code ͑using the definition in Ref. ͓20͔͒ for the lth group of nonmagnetic sites. A decoding algorithm was constructed on the basis of essentially the same ideas.
APPENDIX B: CONSTRUCTION OF THE TRANSFER MATRIX
Consider a system on a cylinder with a length of n circular rows. We denote the variables in row j, bond as well as site variables, by s ជ j . Its partition sum is written in the form Z ͑n͒ = ͚ s ជ 1 ,. . .,s ជ n W n ͑s ជ 1 ,s ជ 2 , ... ,s ជ n ͒ ͑ B1͒
with W n ͑s ជ 1 , s ជ 2 , ... ,s ជ n ͒ϵexp͓−H n ͑s ជ 1 , s ជ 2 , ... ,s ជ n ͒ / kT͔ which denotes the Boltzmann factor of the given configuration of variables, including the weights of all bonds, sites, and components. Let n be the connectivity on row n. It is, in principle, a function of all the variables s ជ j , j =1,2, ... ,n. We divide Z ͑n͒ into contributions for different values of n : 
͑B4͒
Here we may substitute
where w denotes the weight of the newly appended row, which accounts for the weights of the site variables and the bond variables, and the change in the number of components. Furthermore we can substitute
which expresses that the connectivity on row n + 1 depends only on that on row n and on the variables in the appended row. Thus
␦ ␣,͑ n ,s ជ n+1 ͒ W n ͑s ជ 1 , ... ,s ជ n ͒w͑ n ,s ជ n+1 ͒.
͑B7͒
We may insert a factor ͚ ␤=1 G L ␦ ␤, n ͑s ជ 1 ,. . .,s ជ n ͒ = 1 which leads to 
͑B9͒
so that we may write the recursion for the restricted partition sum as
The algorithm that performs a multiplication of a vector by the transfer matrix forms the main ingredient for the calculation of a few of the leading eigenvalues of T ␣␤ .
To enable calculations for system as large as possible, the transfer matrix is decomposed into 2L sparse matrices, each of which accounts for one bond variable, while L of these also account for appending a new site variable. This sparsematrix decomposition leads to a very significant reduction of FIG. 5 . Weights of the vertical and horizontal bonds as they appear in the sparse-transfer-matrix technique. New sites are appended in the upper row, which thus also accounts for the site weights q and e D .
the required computer time and memory. The decomposition is the same as for the nearest-neighbor Potts model without vacancies, which was described in Ref.
͓20͔. The weights associated with the vertical bonds ͑which include those of the new sites appended to the cylinder͒ and the horizontal bonds ͑which may close a loop, so that their weights depend on whether or not the sites are already connected͒ are given in Fig. 5 . These sparse matrices are defined such that they do not only account for the weight of a particular bond, they also permute the vertices in such way that only two different sparse matrices remain, one for the vertical bonds and one for the horizontal ones.
